A q-analogue z q ðsÞ of the Riemann zeta function zðsÞ was studied in [3] via a certain q-series of two variables. We introduce in a similar way a q-analogue of the Dirichlet Lfunctions and make a detailed study of them, including some issues concerning the classical limit of z q ðsÞ left open in [3] . We also examine a ''crystal'' limit (i.e. q # 0) behavior of z q ðsÞ. The q-trajectories of the trivial and essential zeros of zðsÞ are investigated numerically when q moves in ð0; 1. Moreover, conjectures for the crystal limit behavior of zeros of z q ðsÞ, which predict an interesting distribution of ''trivial zeros'' and an analogue of the Riemann hypothesis for a crystal zeta function, are given.
Introduction
There are fairly plenty of possibilities for defining q-analogues of the Riemann zeta function zðsÞ ¼ P y n¼1 n Às in the convergent region ReðsÞ > 1 (see, e.g., [7] , [9] , [10] , [2] and [3] ). Among them, in [3] Kaneko, Kurokawa and the second author introduced a certain q-analogue z q ðsÞ of zðsÞ which is meromorphically extended to the entire plane C and indeed gives a proper q-analogue in the sense that the classical limit of z q ðsÞ exists and equals zðsÞ for all s A C. We briefly recall the story. Suppose that 0 < q < 1. Let f q ðs; tÞ be a function of the two complex variables s and t defined by the series f q ðs; tÞ :¼ P y n¼1 q nt ½n Às q , where ½n q :¼ ð1 À q n Þ=ð1 À qÞ denotes a qanalogue of the number n. It is clear that the series converges absolutely for ReðtÞ > 0. Obviously, lim q"1 f q ðs; tÞ ¼ zðsÞ holds in the convergent region ReðtÞ > 0. Among these f q ðs; tÞ, the q-analogue z q ðsÞ of zðsÞ is defined by setting z q ðsÞ :¼ f q ðs; s À 1Þ for ReðsÞ > 1. Then it was shown that z q ðsÞ can be meromorphically continued to C and moreover that lim q"1 z q ðsÞ ¼ zðsÞ for all s A C. Note that, however, neither an Euler product expression nor a functional equation can be expected for z q ðsÞ.
The aim of the former part of the paper is to generalize the result on z q ðsÞ to the cases of the Dirichlet L-functions and to make a more detailed study of those q-analogues including some results about the case of the Riemann zeta function [3] . Let N A N and w be a Dirichlet character modulo N. Let Lðs; wÞ ¼ P y n¼1 wðnÞn Às ðReðsÞ > 1Þ be the Dirichlet L-function. To explain the result precisely, let us define a series f q ðs; t; wÞ similar to f q ðs; tÞ by the formula f q ðs; t; wÞ ¼ P y n¼1 wðnÞq nt ½n Às q for ReðtÞ > 0. It is then proved that f q ðs; t; wÞ can be meromorphically continued to the entire plane C. Putting L q ðs; wÞ ¼ f q ðs; s À 1; wÞ, as one may expect from the study of z q ðsÞ, we actually prove that lim q"1 L q ðs; wÞ ¼ Lðs; wÞ for all s A C. Moreover, not only do we treat the case of L q ðs; wÞ, but also we show that each of the functions f q ðs; s À n; wÞ, n ¼ 2; 3; . . . , gives a proper q-analogue of Lðs; wÞ, and, what is more, that only these functions f q ðs; s À n; wÞ ðn A NÞ can realize such true q-analogues of Lðs; wÞ in the family of the meromorphic functions of the form f q ðs; jðsÞ; wÞ provided jðsÞ is a non-constant meromorphic function on C. If w is not principal, however, in addition to the case jðsÞ ¼ s À n for n A N, the constant function jðsÞ ¼ m A N gives also a true q-analogue of Lðs; wÞ. Our analysis is based on the use of a q-analogue of the Hurwitz zeta function defined similarly.
A numerical analysis of the zeros of z q ðsÞ, which is the second purpose, is developed in the latter half of the paper. We first examine a ''crystal'' limit (i.e. the pointwise limit for q # 0) of z q ðsÞ and show that an analogue of the Riemann hypothesis holds for such a crystal Riemann zeta function. Furthermore, the qtrajectories of the trivial zeros and the essential zeros of zðsÞ are numerically investigated, that is, the zeros of z q ðsÞ are studied with Maple 8 [6] . Especially, we observe that the limit point of the q-trajectory of each essential zero of zðsÞ falls on either 0 or the one of the trajectory of the some trivial zero of zðsÞ, i.e. on a negative integer point. We then give some conjectures concerning the crystal limit behavior of zeros of z q ðsÞ.
On classical limits
We study the q-analogues of the Dirichlet L-function Lðs; wÞ ¼ P y n¼1 wðnÞn Às and the Hurwitz zeta function zðs; aÞ ¼ P y n¼0 ðn þ aÞ Às defined respectively by the series f q ðs; t; wÞ :¼ P y n¼1 wðnÞq nt ½n s q and g q ðs; t; aÞ :
where w is a Dirichlet character modulo N and 0 < a a 1. These series converge absolutely for ReðtÞ > 0. Obviously, f q ðs; tÞ ¼ f q ðs; t; 1Þ ¼ g q ðs; t; 1Þ (1 denotes the trivial character), where f q ðs; tÞ is the function discussed in [3] (see §1). We put L ðnÞ q ðs; wÞ :¼ f q ðs; s À n; wÞ, z ðnÞ q ðsÞ :¼ f q ðs; s À n; 1Þ for n A N, and z q ðsÞ ¼ z ð1Þ q ðsÞ. These series converge absolutely for ReðsÞ > n. We will show later that if w is not the principal character, L ðnÞ q ðs; wÞ is holomorphic at s ¼ 1; 2; . . . ; n, and if w is the principal character, L ðnÞ q ðs; wÞ has simple poles at these points. We find, in particular, that z ðnÞ q ðsÞ has simple poles at these points (see Proposition 2.9). Further we define an entire function L m q ðs; wÞ for m A N by L m q ðs; wÞ :¼ f q ðs; m; wÞ ¼ P y n¼1 wðnÞq mn ½n s q :
We first prove the following theorem, which, in particular, gives an a‰rmative answer of the question in [3] , Remark (1) on p. 179. holds if and only if the function jðsÞ can be written as jðsÞ ¼ s À n for some n A N. Namely, g q ðs; s À n; aÞ gives a true q-analogue of zðs; aÞ and these are the only true q-analogues among the functions of the form g q ðs; jðsÞ; wÞ.
To prove Theorem 2.1, recall the Euler-Maclaurin summation formula (see [8] ). For integers b, c satisfying b < c, a C y -function f ðxÞ on ½b; yÞ, and an arbitrary integer 
ðÀ1Þ kÀ1 ðs þ eÞ kÀ1 ð1 À q a Þ k ðt þ dnÞ k q aðtþkÀ1Þ This gives an analytic continuation of g q ðs; t; aÞ to the region ReðtÞ > 1 À M. r q-Analogues of the Riemann zeta, the Dirichlet L-functions, and a crystal zeta function Proof of Theorem 2.1. We first show the su‰ciency, that is, for each n A N, lim q"1 g q ðs; s À n; aÞ ¼ zðs; zÞ for all s A C. Initially, we assume t ¼ s À 1. Though the case is referred in [3] , Remark (1) on p. 184, we give a proof for completeness. The condition ReðtÞ > 0 implies ReðsÞ > 1. In this case, we can evaluate b q a ðs À 1; Às þ 1Þ by an elementary function. In fact, in general, since ð2:9Þ b q ða À n þ 1; ÀaÞ ¼ À P nÀ1 r¼0 ðÀn þ 1Þ r ðÀaÞ rþ1 q aÀnþ1 ð1 À qÞ Àaþr ðn A N; ReðaÞ > n À 1Þ;
we have b q a ðs À 1; Às þ 1Þ ¼ 1 sÀ1 q aðsÀ1Þ ð1 À q a Þ Àsþ1 . Therefore, by Lemma 2.2, for ReðsÞ > 2 À M we obtain ð2:10Þ lim
Comparing the equation (2.10) with (the analytic continuation of ) the Hurwitz zeta function ð2:11Þ zðs; aÞ
we have the claim for n ¼ 1. Suppose next t ¼ s À n for n b 2. Let S be an operator (essentially due to [11] ) defined as Sg q ðs; s À n; aÞ :¼ g q ðs; s À n; aÞ þ ð1 À qÞg q ðs À 1; s À n À 1; aÞ:
Since it can be easily checked that g q ðs; s À n À 1; aÞ ¼ Sg q ðs; s À n; aÞ, we have inductively ð2:12Þ g q ðs; s À n; aÞ ¼ S nÀ1 g q ðs; s À 1; aÞ ¼ P nÀ1 r¼0 n À 1 r ð1 À qÞ r g q ðs À r; s À r À 1; aÞ:
Letting q " 1, we have lim q"1 g q ðs; s À n; aÞ ¼ lim q"1 g q ðs; s À 1; aÞ ¼ zðs; aÞ. Thus the claim follows.
We next show the necessity. Suppose that lim q"1 g q ðs; jðsÞ; aÞ exists and lim q"1 g q ðs; jðsÞ; aÞ ¼ zðs; aÞ for all s 0 1. By Lemma 2.2 and Proposition 2.3, the limit ð1 À qÞ sÀ1 ð1ÀqÞ log q b q a ðjðsÞ; Às þ 1Þ for q " 1 does exist for all s 0 1. Assume ReðsÞ < 1. Since lim q"1 ð1 À qÞ sÀ1 diverges, in particular, it is necessary to have lim q"1 b q a ðjðsÞ; Às þ 1Þ ¼ 0. Since lim q"1 b q k ða; bÞ ¼ Bða; bÞ for all a; b A C with Bða; bÞ being the beta function, we see that BðjðsÞ; Às þ 1Þ ¼ GðjðsÞÞGðÀs þ 1Þ= GðjðsÞ À s þ 1Þ ¼ 0. Since the poles of the gamma function GðsÞ are only at the nonpositive integers, it follows that jðsÞ À s þ 1 A Z a0 . This shows that jðsÞ ¼ s À n for some n A N for ReðsÞ < 1. Since jðsÞ is meromorphic in C, jðsÞ ¼ s À n for all s A C. Hence the assertion follows. r By the discussion above, we may have infinitely many true q-analogues of the Hurwitz zeta function which are not of the form f q ðs; jðsÞ; wÞ for some jðsÞ. For instance, as a remark, we have the following corollary. Then the function z m q ðs; aÞ is a meromorphic function on C with simple poles at s ¼ 1; 2; . . . ; m, and gives a true q-analogue of zðs; aÞ; lim q"1 z m q ðs; aÞ ¼ zðs; aÞ holds for all s A C ðs 0 1; 2; . . . ; mÞ.
Proof. The first assertion is clear from the definition of z m q ðs; aÞ. Further, by Proposition 2.3 and Lemma 2.2, it is easy to observe the function G q ðs; t; aÞ defined as G q ðs; t; aÞ :¼ g q ðs; t; aÞ þ ð1 À qÞ s log q b q a ðt; Às þ 1Þ À h q ðs; t; aÞ ð2:13Þ
gives a true q-analogue of zðs; aÞ if lim q"1 h q ðs; t; aÞ
ðÀ1Þ lÀ1 ð1 À mÞ lÀ1 ð1 À sÞ l q að mÀlÞ ð1 À q a Þ Àsþl þ ðÀ1Þ m ðm À 1Þ! ðs À 1Þ Á Á Á ðs À mÞ ;
we have z m q ðs; aÞ ¼ G q ðs; m; aÞ, where h q ðs; t; zÞ ¼ P m l¼1 ðÀ1Þ lÀ1 ð1 À mÞ lÀ1 ð1 À sÞ l q að mÀlÞ 1 À q a 1 À q Àsþl ð1 À qÞ l log q :
Hence the claim follows immediately from the fact lim q"1 h q ðs; t; aÞ ¼ 1 sÀ1 a Àsþ1 . r 
Proof. The claim (i) is obvious from Theorem 2.1. Hence let us prove the second assertion. Assume that w is not the principal character. Since the su‰ciency of (ii) follows immediately from again 
Hence, using (2.16), we find that the formula (2.15) is equivalent to
Suppose that t ¼ jðsÞ 0 m for any m A N. Then ð1 À tÞ MÀ1 0 0 for any M b 2. Hence it is clear that the condition (2.17) is equivalent to
Now, for ReðsÞ < 2, it is easy to see that
q-Analogues of the Riemann zeta, the Dirichlet L-functions, and a crystal zeta function Hence we have
This shows that each summand in last sum on the right most hand side of (2.19) converges to 0 as q " 1. Therefore, for ReðsÞ < 2, the condition (2.17) is equivalent to
Note that there exists always an integer r b 0 such that P N k¼1 wðkÞðk À 1Þ r 0 0. Assume ReðsÞ < minf2; 1 À rg. Since lim q"1 ð1 À qÞ sÀ1 P N k¼1 wðkÞk 1Às 1Àq k 1Àq sÀ1 diverges for such s by the following lemma, we conclude that Bðt À M þ 1; Às þ MÞ ¼ 0. Hence the claim follows from the same discussion as in the proof of Theorem 2.1. r Lemma 2.7. We have
½l q i k Ài þ Oðð1 À qÞ rþ1 Þ ð2:21Þ for r b 0. In particular, lim q"1 ð1 À qÞ sÀ1 P N k¼1 wðkÞk 1Às 1Àq k 1Àq sÀ1 ¼ y for ReðsÞ < 1 À r provided P N k¼1 wðkÞðk À 1Þ r 0 0. where g w ðqÞ ¼ P N k¼1 wðkÞq k =ð1 À q N Þ. In particular, if w is not the principal character, then L ðnÞ q ðs; wÞ is holomorphic at s ¼ 1; 2; . . . ; n, and if w is the principal character, then L ðnÞ q ðs; wÞ has simple poles at these points. Especially, z ðnÞ q ðsÞ has simple poles at these points.
(ii) Let m be a non-negative integer. by the same way as in [3] . Indeed, the change of the order of two summations can be justified because the series converge absolutely. We notice here that g w ðq tþr Þ ¼ À P y n¼À1 B nþ1; w ðlog qÞ n ðn þ 1Þ! ðt þ rÞ n : ð2:25Þ
By the help of (2.25), the equation (2.24) gives the rest of the first assertion. The formula (2.23) follows from (2.22) . r
From (2.23) and (2.25) we have the well-known formula LðÀm; wÞ ¼ ÀB mþ1; w = ðm þ 1Þ for a non-negative integer m as the classical limit q " 1. We next consider the limit q # 0 of L ðnÞ q ðs; wÞ which we call a crystal limit. We then introduce functions L We call the function z ðnÞ 0 ðsÞ (resp. L ðnÞ 0 ðs; wÞ) a crystal Riemann zeta (resp. L-) function of type n. Note that, in particular, since z ðnÞ q ðsÞ has simple poles at s ¼ 1; 2; . . . ; n, z ðnÞ 0 ðsÞ can not be defined at these points. The following proposition is easily obtained from Proposition 2.9. Corollary 2.11. If z ðnÞ 0 ðsÞ ¼ 0, ReðsÞ a n and s 0 1; 2; . . . ; n, then s A Z <0 . r By this corollary, it seems that the crystal zeta functions have only ''trivial'' zeros (see the figures in §3). In general, however, no reason can judge which zeros are the trivial or the non-trivial zeros of z ðnÞ q ðsÞ a priori because we do not have a functional equation of z ðnÞ q ðsÞ. In the next section, we therefore study numerically the zeros of z ðnÞ q ðsÞ as q-trajectories of the trivial and non-trivial zeros of zðsÞ, respectively, when q approaches 0 decreasing from 1.
Remark 2.12. Let w be an even character, that is, the equation P N k¼1 kwðkÞ ¼ 0 holds. Then Lð1; wÞ is expressed as L 0 ð0; wÞ by the functional equation of Lðs; wÞ. In our case, Remark 2.13. Let w be a Dirichlet character modulo N but the principal character. Then the Dirichlet class number formula is given by
In our case, similarly, L ðnÞ q ð1; wÞ can be expressed in terms of G q ðsÞ as
Here G q ðsÞ is the Jackson q-gamma function defined by G q ðsÞ :¼ ðq;qÞ y ðq s ;qÞ y ð1 À qÞ 1Às , where ða; qÞ n ¼ Q nÀ1 j¼0 ð1 À aq j Þ (see [1] ). This is shown by comparing L ðnÞ q ð1; wÞ with the logarithmic derivative of G q ðsÞ. Letting q " 1 in (2.28), we obtain (2.27) by Theorem 2.6. Though a certain quantum analogue of the Dirichlet class number formula was studied in [5] , we remark that the q-analogue of the Hurwitz zeta function defined there is not the same one discussed here. See also [4] .
3 Behavior of zeros of z (n) q (s)
In this section, we study the zeros of z ðnÞ q ðsÞ numerically with Maple 8 [6] and give some conjectures concerning the q-trajectory of the zeros of zðsÞ.
We at first have the following proposition. Proof. Since z ðnÞ q ðsÞ ¼ q sÀn þ P y n¼2 q nðsÀnÞ ½n Às q , it is su‰cient to show P y n¼2 jq nðsÀnÞ ½n Às q j < jq sÀn j. To see this, since Next, we try to evaluate the integral in terms of the incomplete beta functions. For a non-negative integer j, we define the function h j ðxÞ by q ðtþjÞx ð1 À q x Þ ÀsÀj . Then h Here l 0 and l 1 are integers satisfying l 0 < l 1 , and Rðs; t; q; N; M; n; l 0 ; l 1 Þ is equal to 
Substituting s À n for t in f q ðs; tÞ, we obtain the following expression which allows us to calculate the zeros of z ðnÞ q ðsÞ numerically. ðÀ1Þ k ðs þ jÞ kÀ1 ðs À n þ j þ dlÞ k q NðsÀnÀ1þjþkÞ ð1 À q N Þ sþjÀ1þk ) þ Rðs; s À n; q; N; M; n; l 0 ; l 1 Þ:
Moreover, the absolute value of Rðs; s À n; q; N; M; n; l 0 ; l 1 Þ is bounded by : q-Analogues of the Riemann zeta, the Dirichlet L-functions, and a crystal zeta function Proof. Let t ¼ s À n. Then the first assertion follows immediately from ð3:1Þ. The second assertion follows from (3.2) and (2.9). This completes the proof. r
Suppose that zeros of z ðnÞ q ðsÞ are simple. If s is real, then z ðnÞ q ðsÞ is also real by the definition of z ðnÞ q ðsÞ. We actually compute approximate values of the zeros of z ðnÞ q ðsÞ by searching the point where the sign of z ðnÞ q ðsÞ changes. If s is complex, we can not, however, determine the place of the zeros of z ðnÞ q ðsÞ as we can not expect an existence of a functional equation of z ðnÞ q ðsÞ. Thus we try to seek the points s 0 which are expected as the zeros of z ðnÞ q ðsÞ by observing respectively the sign of the real part and the imaginary part of z ðnÞ q ðsÞ. Indeed, if z ðnÞ q ðs 0 Þ ¼ 0, then the signs of both Reðz ðnÞ q ðsÞÞ and Imðz ðnÞ q ðsÞÞ will change in a neighborhood of the point s 0 , and consequently, jz ðnÞ q ðsÞj is very small in the neighborhood of s 0 . We find a certain neighborhood in which the both of the signs simultaneously change.
Following the strategy mentioned above, we examine the sign of z ðnÞ q ðsÞ when s is real, and the sign of Reðz ðnÞ q ðsÞÞ and of Imðz ðnÞ q ðsÞÞ when s is complex. In these numerical calculations, the parameter q moves from 0.99 to 0.01 by 0.01, and additionally 3 points 0.001, 0.0001, and 0.00001. The parameter s moves from the real zero point at q ¼ 1 by 0.001 on the points of the real axis if s is real, and on the points of the lattice parallel to the real and imaginary axis if s is complex. Furthermore we may carefully select parameters q, N, M, n, l 0 , l 1 satisfying jRðs; s À n; q; N; M; n; l 0 ; l 1 Þj < 10 À5 on each point s. In the following figures, the point Â represents the zeros of zðsÞ. When q ¼ 0:99; . . . ; 0:01, we plot approximate (if s is real) or expecting points (if s is complex) by , and when q is the other 3 points, by ?. Further, , and denote n ¼ 1; 2 and 3, respectively. 
Trivial zero's case
ðÀ1Þ m m!ðr À m À 1Þ! r! q ÀmþrÀn 1 À q ÀmþrÀn This shows the assertion. r
Non-trivial zero's case
We here investigate the behavior of the zeros of z ðnÞ q ðsÞ ðq A ð0; 1Þ starting from the non-trivial zeros of zðsÞ. Let r j ð j ¼ 1; 2; . . .Þ be the j-th non-trivial zero of zðsÞ whose imaginary part is positive, that is, Figure 3 (see also Figure 4 ), Figure 5 , Figure 6 , Figure 7 and Figure 8 correspond to the case r 1 , r 2 , r 3 , r 4 and r 5 respectively. In these cases, we plot r ðnÞ j ðqÞ on the complex plane. r ðnÞ j ðqÞ ð j ¼ 1; 2; . . . ; 5Þ seem to arrive at 0, À1, À2, À3 and 0 respectively for n ¼ 1 when q # 0. It is easy to see that if n increases 1, the real part of r ðnÞ j ðqÞ also increases 1 near q ¼ 0.
Conjecture. The limit r Remark 3.6. Remark that the limit behavior of the 5th zeros ( Figure 8) is di¤erent from the one what can be expected from the 1st, 2nd, 3rd and 4th zeros. See also Figures 13, 14 , 15, and the subsequent observation.
Other remarks and some questions
We give another numerical calculation of z q ðsÞ ¼ z ð1Þ q ðsÞ at the neighborhoods of s ¼ 0; À1 with small q from the viewpoint of the approximations obtained by Proposition 2.9: 
if ReðsÞ > À2: 8 > < > : Figure 9 and Figure 10 indicate the logarithm of absolute values of these forms on the rectangles ½À0:05; 0:05 Â ½0; 1 and ½À1:05; À0:95 Â ½0; 1 with q ¼ 2 À64 , respectively. The horizontal line represents the imaginary axis in Figure 9 and the line ReðsÞ ¼ À1 in Figure 10 respectively. The vertical one indicates the real axis. The variation of the logarithmic scale is represented by gray scale. If the absolute value is larger than 1.5, the color of the point is white, and the color of the point at which the absolute value is the smallest (locally) is black. For the sake of a proper understanding, we give also 3-dimensional graphs for Figure 9 and 10 in Figure 11 and 12 ffiffiffiffiffiffi ffi À1 p Â 32:93506 . . . with r 1trajectory (see Figure 3) q-Analogues of the Riemann zeta, the Dirichlet L-functions, and a crystal zeta function respectively. Notice that the height in these 3-dimensional figures is taken by an absolute value, not the logarithm of it. We can see that the left most black hole of Figure 9 corresponds to the trajectory of the non-trivial zero r 1 ¼ 1 2 þ ffiffiffiffiffiffi ffi À1 p Â 14:13472 . . . and the left most large hole soaked with black and the second black hole of Figure 10 correspond to the trajectories of the trivial zero s 1 ¼ À2 and of Fig. 9 . jz q ðsÞj around s ¼ 0 at q ¼ 2 À64 A 5 Â 10 À20 Fig. 10 . jz q ðsÞj around s ¼ À1 at q ¼ 2 À64 A 5 Â 10 À20 ffiffiffiffiffiffi ffi À1 p Â 21:02203 . . . by looking at the consequences of numerical calculations performing from q ¼ 2 À13 A 1:2 Â 10 À4 to q ¼ 2 À64 . Also, the second black hole in Figure 9 seems to represent the point in the trajectory of r 5 (see Figure 8 and Remark 3.6). It seems that there are 6 and 7 black holes which may indicate the zeros of z q ðsÞ and these black holes lie on a line parallel to the imaginary axis. This comes from the periodicity of the function q sþrÀ1 1Àq sþrÀ1 , that is, jz q ðs þ dnÞj is very small for q-Analogues of the Riemann zeta, the Dirichlet L-functions, and a crystal zeta function n ¼ G1;G2; . . . provided z q ðsÞ ¼ 0. Actually, if q is very small, then sþdnþrÀ1 r À Á A sþrÀ1 r À Á and ð1 À qÞ dn A 1. Therefore, by Proposition 2.9, we have z q ðs þ dnÞ ¼ ð1 À qÞ sþdn P y r¼0 sþdnþrÀ1 r À Á q sþ dnþrÀ1 1Àq sþdnþrÀ1 A z q ðsÞ ¼ 0. Thus, when q ¼ 2 À64 , i.e. 2p=log q ¼ À0:1416 . . . , such a black hole appears approximately every 0.14 along the horizontal lines in Figure 9 and Figure 10 respectively. Proposition 3.4 indicates that the trajectory z ðnÞ ðqÞ can be tangent to the real axis when q approaches 0, but it is di‰cult to determine the approaching direction theoretically. From Figure 5 , 6 and 7, however, we can verify that the one of the points r be the case. For instance, it seems that r ð1Þ 3 ðqÞ crosses the line ReðsÞ ¼ À2 first, then turns to the right and goes to À2 when q approaches 0. This is consistent with the periodicity one can see in Figure 9 and 10 mentioned above.
Lastly, we display the location of zeros r 
